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ABSTRACT 

A rigorous description of transport and reaction in open tubular 
enzyme reactors with enzymes attached to the walls of the tube- -  
sometimes referred to as open tubular heterogeneous enzyme reac- 
tors (OTHERs)--is coupled with a general nonlinear parameter esti- 
mation routine to yield a quick and reliable method for extracting 
intrinsic kinetic constants from data on bulk conversion as a function 
of inlet concentrations and flow rates. The method is compared with 
previously adopted techniques based on an "apparent" rate constant 
concept derived from boundary layer theory and is shown to yield 
much more reliable estimates. The theory, presented here along with 
example data from the literature, is expected to be of use in the design 
and analysis of OTHERs in analytical and clinical applications. 
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INTRODUCTION 

OTHERsmApplication and Description 

Open tubular heterogeneous enzyme reactors, OTHERs, have been 
developed to exploit the unique catalytic advantages of enzymes in ana- 
lytical and clinical systems. The reactors are usually prepared from small 
bore polymeric tubes (1,2), although glass tubes (3) and anisotropic hol- 
low fibers (4) have also been used. The tubular arrangement allows for 
unobstructed flow paths and this feature makes them ideally suited for 
use in continuous-flow analyzers and as extracorporeal shunts. 

In analytical applications, the OTHER has been used most exten- 
sively in continuous-flow analyzers (5) and is also available for commer- 
cial units. The OTHER has in addition been used in a semibatch 
configuration, referred to as an immobilized enzyme pipet or "impette" 
(6). When used in continuous-flow analyzers, long tubes generally lead 
to poor performance because of the high degree of analyte dispersion 
that takes place, leading to detrimental sample interference. Short tubes 
(with high catalytic activity) on the order of 10-20 cm length are preferred 
and can be used in high performance instruments at sampling rates of 
150/h. In order to balance sensitivity and sampling rates, it is necessary to 
have available a reliable method for evaluating intrinsic enzymatic pa- 
rameters in OTHERs. This information, coupled with a description of the 
dispersion process in the complex segmented-flow field (7), would allow 
us to approach the a priori design of OTHERs in continuous-flow analy- 
zers on a sound theoretical basis. 

OTHERs have also been suggested for use in clinical applications, 
where a "bundled" arrangement is usually preferred in order to increase 
the available surface area while maintaining acceptable pressure drops 
through the device (8,9). Both polymeric tubes and hollow fibers have 
been used; however, the hollow fiber reactor has the additional advan- 
tage of providing a separation step in series with the reaction. Thus, un- 
toward effects associated with large molecular weight compounds circu- 
lating in the blood stream can be avoided. Information on the 
performance of the reactor can be used, via the concept of "bioefficacy" 
(10), to evaluate the utility of the reactor in an extracorporeal shunt. 

Previous Models 

Models for the design of OTHERs have been put forth by a number 
of workers (11,12) and have demonstrated how kinetic, transport, and 
geometrical factors affect the reactor performance. The inverse problem 
of evaluating the kinetic parameters from data on the reactor perform- 
ance in general has received less attention, although there are numerous 
reports for some specific limiting situations. For instance, if the reactor 
surface is equiaccessible, then the usual linear plots for an enzyme- 
catalyzed reaction can be employed with some modifications to estimate 
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the intrinsic parameters for external transport limitations (13-17) as well 
as for internal or combined transport limitations (18-23). 

For boundary layer flows in which the surface is no longer equi- 
accessible, some approximations are available for the inlet region of 
highly reactive, i.e., diffusion controlled, OTHERs (2,24). In these works, 
the average dimensionless mass transfer coefficient, Nu,,, is found from 
the results of L6v6que's (25) analysis for external flows, 

Nu,,, = 1.62X 1/3 (1) 

where ~. is the Graetz number. The overall reaction rate in an OTHER can 
then be easily found and is, of course, independent of the intrinsic kinet- 
ics. In a tube with no transport limitations, the integrated reaction equa- 
tions are used and yield the intrinsic kinetic parameters directly. 

The intermediate and general case has not been studied in great de- 
tail for OTHERs, as mentioned above, for the purpose of evaluating in- 
trinsic parameters. In this report, we present a general computational 
program that allows for estimation of parameters by rigorous and 
efficient non-linear parameter estimation techniques. Our approach is 
compared with the method based on "apparent" rate constants (24) and 
is shown to yield much more reliable parameter estimates. 

THEORY 

Analysis of OTHERs General Model 

The general model for the OTHER is developed in this section for 
constant fluid properties at steady state and for a fully established lami- 
nar velocity profile. The reaction takes place at the wall in an annulus of 
finite thickness that may, in the case of hollow fiber reactors, be sepa- 
rated from the flowing reagent stream by a thin membrane or inactive 
region. A schematic of the cross-section is shown in Fig. 1 for two types 
of reactors. The governing dimensionless equations are (11,12): 

L[131] = 2(1 - p 2) O[~3/O;k (2) 

L[631 = R(63; K) (3) 

where ~1 and ~3 are  dimensionless reactant concentrations in the flow 
region and the reactive annulus, respectively. The dimensionless rate, R, 
depends on the parameters K. The operator L is given for cylindrical 
coordinates as 

L[ . ]  = (1 /0 ) (0 /o0 ) [0  O'/Opl (4) 

The normalized radius, p, and reactor length, X, are defined by 

p = r/a (5a) 

X = z/(aPe) (5b) 
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HOLLOW FIBER OTHER SOLID WALL OTHER 

E N Z Y M E ~  

(o) (b) 
Fig. 1. Schematic illustration of the cross-section for two types of OTH- 

ERs: (a) hollow fiber and (b) solid wall (polymeric tube). The radial distances a, b, 
and c indicate the lumen (region 1), membrane (region 2), and enzyme (region 3) 
radii, respectively. 

where  a is the tube inner radius and Pe = av/D1 is the Peclet number  
based on the average velocity v and fluid diffusion coefficient D1, corre- 
sponding to region 1. The boundary conditions are 

[~1( 0, P) • 1 

a131/ap ]p-0 = 0 

0~I/C~P ]p=l = OtO~3/0P ]p=b/a 

3f~1/OP ]p-1 = -Bi,,,({31 [p-1 -P[~3 Jr-b/a) 

3133/ap Ip-cla = 0 

(6a) 

(6b) 

(6c) 
(6d) 

(6e) 

The parameters or, Bim, and P are 

e~ = bD3/aD1 

Bim = Kaoq/ln(b/a) 

P = KdK,, 

(7a) 

(7b) 

(7e) 

The diffusion coefficient in the enzyme annulus (region 3) is D3; Ka 
and Kb are the membrane/ lumen and membrane/shell  partition 
coefficients, respectively, and O1.1 = D2/D1 where D 2 is the membrane (re- 
gion 2) diffusion coefficient. 

It is assumed that the unknown parameters are embedded  in the 
rate equation and that all other parameters are known either from sepa- 
rate experiments or via available correlations. The reactor experimental 
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data are usually available as conversions or mixing-cup concentrations as 
a function of inlet concentrations or flow rates. We note that varying the 
flow rate is analogous to changing the reactor length [cf. Eq. (5b)] pro- 
vided no secondary flows are introduced. It is not uncommon,  however ,  
to measure  conversions in coiled tubes that have a complex velocity 
profile and thus show an increased mass-transfer rate to the reactor wall 
region (26) not accounted for here. We will return to this point in the 
Discussion section and assume for now that the flow profile is a simple 
parabola, as given in the above equations. The mixing-cup concentration 
is found from 

<~I > = 4 f1~1(1 -- p2)pdp 

and the model  is reduced to the functional form, 

(8) 

<~1' = <~1(~; K)' (9) 

Limib'ng Models 
In most applications of OTHERs, the enzyme region is a thin annu-  

lus, as shown in Fig. lb. The boundary  conditions given in Eqs. (6c)-(6e) 
and the diffusion equation shown in Eq. (3) can be combined and re- 
duced to the limiting form 

O~l/Op I~, 1 = - i (~ l l , ,  1 ;K) (10) 

This assumes that the local enzyme effectiveness factor will be approxi- 
mately unity as a consequence of the thin enzyme region. In the subse- 
quent  discussion we will use this limiting form as the appropriate bound- 
ary condition. 

34ichaelis-Nenten Kinetics 

The rate expression in Eq. (9) is assumed to be of the Michaelis- 
Menten type for irreversible reactions 

R([3; K) = >i3/(1 + co 1~) (11) 

where  ix is the reaction modulus  (a Damkoehler  number)  

bt = k a / D  1 (12) 

and co is the dimensionless "Michaelis constant" 

co = K,JSo (13) 

The enzyme rate constant is k = VMIK,,, where  VM is the saturation 
velocity per unit  area for the enzyme,  and So is the substrate inlet concen- 
tration. The parameters to be determined are typically k and Km. 

Linear Kinetics 

In the limit co -1 = 0, that corresponds to small values of the inlet 
reactant concentration relative to the intrinsic Michaelis constant for the 
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immobilized enzyme, the model equations are linear. An analytical solu- 
tion has been presented for this system by Kim and Cooney (27) that will 
also hold for the general three-region model, i.e., their solution depends 
on a single dimensionless group that is a modified modulus (10). It is 
probably advantageous, however, to solve the equations numerically 
since no great effort is needed when we use the methods outlined in the 
Appendix. 

Parameter Estimation 

The model <81 (•; k, Km)~ for the Michaelis-Menten kinetics gives the 
conversion as a function of, say, the flow rate and the inlet concentration 
for values of the parameters k and Km implicitly. In order to estimate k 
and Km from observed data, a nonlinear parameter estimation technique 
is followed (28). 

Let the error between the model and observed values of the conver- 
sion be denoted by eij where i is a particular data point in a set of j inde- 
pendent variables or experiments. A weighted sum of squares S is found 
a s  

S(K) = ~, ejrQie j (14) 
/ 

where Qj is a symmetric weighting matrix. For maximum-likelihood esti- 
mates Qj is the inverse of the covariance matrix of the experimental error. 
Typically, Qj is approximated as a diagonal matrix. To find the minimum 
value of S, an iterative method is used that linearizes the model about the 
parameters and successively searches for smaller S. Let ej(") be the mth 
iterate; then 

n 

S(AK(m)) = E (e#  0 - DjAK(m))rQj (~.j ('') - DjAK ~m)) (15) 
J 

where Dj is the Jacobian found for the model evaluated at the jth experi- 
ment, with the parameter estimates of the previous iterate, 

D i = {OXi/aK ,} (16) 

The index i runs over all the data points and the p index runs over 
the number of parameters. Since Eq. (15) is linear in AK, we find by set- 
ting the derivative of S with respect to AK equal zero, 

~z 

AK (m) = H - 1  ~DjTQj ej (m) (17) 
i 
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and therefore an improved estimate of K is found from 

K = K (m) + AK (m) 

35 

(18) 

The matrix H, 

11 

H = ~_~Di:~QiD/ (19) 
I 

is the covariance matrix of the parameter estimates and is related to the 
confidence intervals for the parameters. Metzler et al. (29) present a com- 
puter program, NONLIN, to carry out this procedure with some 
modifications to insure the convergence to a minimum and to handle the 
problem of ill-conditioned Jacobian matrices. In addition, the NONLIN 
program allows for constraints on the parameter space such as non- 
negative values. 

RESULTS AND DISCUSSION 

In order to apply the parameter estimation techniques outlined 
above, an efficient numerical method is needed to solve the governing 
equations. We choose here a low-order orthogonal collocation technique 
in the radial direction followed by a high-order explicit ordinary differen- 
tial equation solver from available computer center routines. The details 
are described in the Appendix. These routines when coupled with the 
NONLIN package provide a fast and accurate system for estimating the 
intrinsic kinetic parameters. 

[3-Galactosidase OTHER Kinetics 

The data are taken from experiments with a coiled {~-galactosidase 
OTHER (30). The hydrolysis of o-nitrophenylgalactose was followed as a 
function of the flow rate and the inlet concentration. The data points are 
plotted in Fig. 2 along with the model predictions found for the best pa- 
rameter estimates of VM and K,, where the VM value is derived from k. 
For this result, we have used all five "experiments" or independent 
values of the flow rate simultaneously at the shown inlet concentrations. 
The correlation coefficient of the model to the data is given by r 2 -- 0.937. 

The model predicts higher values of the conversion at low flow rates 
(Pe = 0.164) and slightly underestimates the conversion at higher flow 
rates. This is most likely caused by the coiling of the tube and the in- 
duced secondary flows that take place. If we estimate k and K,, for each 
experiment separately, much better correlations can, of course, be ob- 
tained; however, the resulting parameter values are different for each ex- 
periment. The k value shows the largest variation from one experiment to 
another and will increase with increasing flow rate as one might expect 
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Fig. 2. Conversion as a function of the inlet concentration in a [3- 
galactosidase OTHER for different values of Pe. The solid lines are the model 
predictions and the data points are from Narinesingh et al. (30). D1 = 4(10 5) 
cm2/s, z = 35.8 cm, a = 0.05cm. The reactant is o-nitrophenylgalactose. 

since the secondary flows result in higher transfer rates to the wall. 
These interpretations should be considered with caution, however ,  since 
we are obviously not using the correct model when  secondary flows are 
present.  

An approximate 95% confidence interval for the parameters is 
shown in Fig. 3 along with the parameter  estimates obtained for the indi- 
vidual experiments at the three lowest flow rates. Note that the K,,, values 
fall within the limiting 95% confidence values, but that the k values are 
more widely dispersed. Nevertheless,  the parameter  estimates for the 
combined experiments are well determined.  The correlation be tween the 
parameters  is found from the covariance matrix of the parameter  esti- 
mates and has a value of -0.86,  indicating that the parameters are only 
slightly and negatively correlated. 

The solid lines in Fig. 3 show the iterations of the NONLIN routine 
towards the min imum from the starting guess of k = 1.5(10 7) m/s and 
K,,, = 0.3 mol/m 3. We have examined the convergence over a wide range 
of the parameter  space and find that the same final estimate is obtained 
for any positive choice of parameters as an initial guess within two orders 
of magni tude  of the final values. Therefore, the results can be surmised 
to represent  the global min imum sum-of-squares. 

Applied Biochemistry and Biotechnology VoL I 1, 1985 



Kinetic Parameters in Tubular Enzyme Reactors 37 

.80 

I I I 1 I 

.70 - 

\ 
5 
E 60 
E 

(.072) 

o 1 .5G 
o 

(.05O) 

LO u,,...... t I I I ~ i 
.50 55 .60 .65 .70 

k, x(10 7)m/s 

Fig. 3. Approximate joint 95% confidence contour. The best parameter 
estimates are located at * for all experiments combined, whereas for the individ- 
ual experiments at the indicated Pe values the best parameter estimates are lo- 
cated at o. The iterations of the NONLIN routine to the minimum sum-of- 
squares is indicated by points [] starting from K,, = 0.3 mol/m 3 and k = 1.5(10 7) 
m/s. 

Comparison with the "Apparent" Rate Constant ~ethod 

Kobayashi  and  Laidler (24) have  p roposed  an al ternat ive m e t h o d  to 
f ind K,, and  k values for OTHERs based on a b o u n d a r y  layer solut ion of 
the mass  t ransfer  equat ions  (BL model)  that  has been  " t e s t ed"  in a series 
of papers  (30-32). The theory  leads to the result  (our notat ion),  

co apP = o)(1 + 0.617btX 1/3) (20) 

w h e r e  r app is an appa ren t  d imens ionless  Michaelis cons tant  de f ined  as 
the d imens ion less  substra te  concent ra t ion  for which  the react ion rate is 
half the m a x i m u m  (high S(}) react ion rate value.  In o rder  to use Eq. (20), 
the  intrinsic rate cons tant  VM m u s t  first be k n o w n  since it is involved in 
the  defini t ion of co app. Then,  plot t ing (o app against  ~k 1/3 will yield the intrin- 
sic Michaelis  cons tant  K,,, f rom the intercept .  It is sugges ted  in the above 
papers  that  VM can be found  from a direct plot of the data at h igh  sub- 
strate concentra t ions .  

The value  found  by Nar ines ingh  et al. (30) for the data  s h o w n  in Fig. 
2 by this approach  co r re sponds  to K,,, = 0.18 mol /m 3 that  is, in fact, not  
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too different from the Km value found for the free enzyme under  identical 
bulk conditions. Our result, Km= 0.60 mol/m 3, is about three times 
larger. The statistical accuracy of our result was checked by plotting the 
calculated residuals as a function of the conversion and is shown in Figs. 
4 and 5 along with the residuals calculated for the BL model  that lead to 
Eq. (20). The residuals for our approach, as shown by the thick lines in 
Fig. 4, are much better distributed than the values for the BL model  
shown by the thin lines. This is more easily seen in Fig. 5 that displays 
the histogram of some chosen classes of residuals. A normal (uniform) 
distribution about the zero value, as seen for the OTHER model,  indi- 
cates an unbiased model.  The BL model shows a biased representat ion 
and results derived from the BL approach should be interpreted with 
caution. The fact that the intrinsic K,, value increases upon  immobiliza- 
tion of the enzyme is not caused by diffusional effects since these have 
been accounted for in the model,  but rather reflects the change in enzy- 
matic properties by immobilization per se. This may result from con- 
formational changes,  for example. 

The results described above for Michaelis-Menten kinetics have also 
been extended to OTHERs with product  inhibition and substrate inhibi- 
tion (33). Accurate estimates of the intrinsic parameters are easily ob- 
tained provided that experimental data are available in a region where  
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Fig. 4. Plot of the residuals (predicted - observed) versus the observed 
conversion for the BL model (thin lines, 1) and the OTHER model (thick lines, 1). 
The solid line indicates the residual values equal to the observed conversion. 
The hatched area corresponds to negative conversion values (inaccessible). The 
dashed line connects data points from the same experiment in the BL model and 
clearly indicates a trend for the residuals. 
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Fig. 5. Histogram of the frequency of residual observations for the 
OTHER model (top) and the BL model (bottom). 

the complete kinetic expression can be used. That is, concentration 
ranges that lead to degenerate forms of the rate equation, such as in dif- 
fusion controlled OTHERs, will not allow one to obtain accurate esti- 
mates of all the parameters. The NONLIN package (29) will also provide 
selected values of the independent variables a posteriori that are the 
"best" choices for subsequent experiments in order to better estimate the 
parameters. These last values are found by maximizing the determinant 
of H with respect to the independent variables (34). In this way, the cor- 
rect type of experiments to carry out are known. The sequential design of 
experiments and the related problem of model discrimination are dis- 
cussed by Froment and Bischoff (35), who also provide several examples 
of its use in the analysis of plug-flow catalytic reactors. 

CONCLUSION 

The use of a boundary layer model to evaluate and extrapolate ap- 
parent rate parameters has been shown to yield unreliable estimates of 
the intrinsic parameters in OTHERs compared with our direct approach. 
This is caused by the accuracy of the starting models that are used and 
also to the use of Nu,,, values that have been calculated under conditions 
of diffusion control in situations that are no longer entirely influenced by 
diffusion effects alone. In these situations, the Nu,,, will be a function of 
the kinetic parameters as well (36, 37). For instance, if we integrate Eq. 
(2) to obtain the average concentration, we have 
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d,[31dd~. = 2(a[31/3p)I.-1 = 2R(ffl; K) (21) 

A mass transfer coefficient, Nu,,,' is defined by the relation 

O61/OD ]p=l ~- Nu,n' ( '~1 '  -- 61 ]p=l) (22) 

and one obtains an implicit equation for the surface concentation [31. 

R(]31; K) = Nut,,' ('61' - [31) (23) 

Unfortunately, Nu,,' is not equal to Nu,,, and should therefore be 
treated as a parameter in the problem. Such an approach has been used 
by Hsieh et al. (38) and is, in general, required when  the hydrodynamics 
of the problem are too complex to model accurately. 

Although the direct approach may seem cumbersome to handle, it is 
easily implemented  on a computer. Unlike the BL model,  various rate 
laws can be tested that may aid in the discrimination between competing 
models. In this way, experimental design, parameter estimation, and 
model  discrimination can be reduced to routine practice for the analysis 
of reactors with immobilized enzymes. 

NOMENCLATURE 

a 

Aii 
b , c ,d  
Bq 
Bi,, 
D1, D2, D3 
D~ 
H 
k 
kL 
K1H 
K,, Kt, 
M 
Num 
P 
Pe 
Qj 
1" 

R 
S 
So 
V 

W 

VM 
Z 

Tube inner diameter, m 
Collocation matrix for first derivatives 
Tube radii shown in Fig. 1, m 
Collocation matrix for second derivatives 
Biot number,  = K,~oq/ln(b/a) 
Diffusion coefficients in regions 1, 2, 3 (m2/s) 
Jacobian matrix 
Matrix defined in Eq. (19) 
Enzyme rate constant = VM/Km, m/s 
Mass transfer coefficient, m/s 
Intrinsic Michaelis constant, mol/m 3 
Partition coefficients 
Matrix defined in Eq. (A9) 
Mass transfer coefficient, 2akjD1 
Ratio of partition coefficients 
Peclet number,  aviD1 
Weighting matrix 
Tube radial coordinate, m 
Dimensionless rate 
Sum of squares 
Inlet reactant concentration, mol/m 3 
Average fluid velocity, m/s 
Vector of integration (Radau) weights 
Maximum reaction rate, mol/m2s 
Tube length coordinate, m 
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Greek symbols 

~1, ~3 

E 

K,, AK 

P 
oJ 

Superscripts 

app 
m 
T 
! 

Subscripts 
i , j , p  
1 , 2 , 3  

bD3/aDv = D2/DI 
Dimensionless reactant concentration in regions 1, 3 
Vector of dimensionless concentrations 
Error vector 
Parameter vector, correction vector 
Dimensionless length, z/aPe 
Modulus,  ka/D1 
Dimensionless radius, r/a 
Dimensionless Michaelis constant, K,,,/So 

Apparent  value 
mth iteration 
Transpose 
Influenced by kinetics 
Approximation 

Counting indices 
Region indices 
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APPENDIX 

Baden and Villadsen (39) have shown how collocation methods  can 
be effectively used in parameter  estimation routines for differential equa- 
tion models.  Our approach is a modification of their method since we 
have found it expeditious to combine collocation techniques in the radial 
direction with an explicit Runge-Kutta technique in the axial direction 
rather than making use of a complete "double"  collocation solution. 
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An ap_proximate polynomial solution is assumed for 81 that is desig- 
nated as  ~1 and takes the form (40) 

N 

f~, = ~a,  (k)p 2' 0 <- p -< 1 (A1) 

This form automatically satisfies the boundary condition at p = 0 so that 
one need only be concerned with the boundary condition at p = 1. An 
equivalent expression is (41,42), 

:\' ~I 

I~1 = ~-'~--i (P)~I (h, Pi) (A2) 
i 1 

where E,, is the Lagrange interpolation polynomial 

~, (P)= [l (p2_ I (g - 
i=,4- j l~'l 
i=l j : l  

From Eq. (A2), the derivatives are easily calculated as 

d~l ., = ~ d~i ,,, >:+1 
do i=1 ~ ~1 ( a ,  P i ) =  i ~ 1  Aji~li 

(A3) 

(A4) 

N+I 
d2~l ~,~ ~. 3 ~,Ntl d2~"~i [~, N+I 

~1 (a, pi) = Bji~, ` (A5) 
dp 2 dp 2 i-1 i~ 

Eliminating the wall concentration through the (nonlinear) Eq. (50 and 
Eq. (A4) yields an initial value problem 

dff jdk = L [ ~ ]  (A6) 

~1 (0) ~-- 1 (A7) 

The operator L is now 

L[~I] : MI~I + f(ffl ;  K) (as) 

where  [~1 is the vector of concentration values and 

Mq = 4(pi2Bij + A~i)/(1 - p a) i, j = 1,2 . . . .  N (A9) 

fi = M~N+I [ -b  + ~/(ff~ - 4ac)]/2a (A10) 

a = ~o-IAN+I, N+I (All)  

b = c~ -~ + ~ + AN+l, N+I (A12) 
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N 

c = E AN+liI~,j (A13) 
j=l 

The roots ~ are found as the zeros of the FN (2' O) (p2) Jacobi polynomial 
(42). The average concentration is calculated as 

'~1 > = wT~I  (A14) 

where w is the vector of Radau weights (42). 
We chose N = 4 in our approximation as being sufficiently accurate 

for all model  results and solve the initial value problem by a 5th-6th or- 
der Runge-Kutta method,  DVERK, from the IMSL (43) library. Approxi- 
mate computation times are about 3-5 s on an AS/9000-2 computer for 
the entire parameter estimation routine with all data points included. A 
listing of the computer program is available from the authors. 
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